Abstract. We show how to reconstruct a two-dimensional surface, the drift field, and the diffusion tensor from a planar projection of trajectories of a diffusion process on the surface. The reconstruction is based on the stochastic differential equations of the projected motion, whose drift and diffusion tensor depend on the local curvature of the surface. The reconstruction process requires the solution of new partial differential equations that we derive. Our analysis can be used to distinguish between the effective drift due to local curvature and that of the stochastic differential equation on the surface. We provide numerical examples of reconstruction from statistical estimates of the drift field and diffusion tensor of the projections. . Large samples of pieces of trajectories of diffusing single particles on the surface of a neuron are now available due to recent advances in live cell imaging. Specifically, the projections onto the plane of a confocal microscope of many trajectories of receptors moving on the neuronal membrane can be acquired with the advent of superresolution microscopy. It is the aim of the present paper to show how these data can be used to reconstruct the shape of the membrane surface and the physical properties of the receptor motion. This should provide biophysical information relevant to the identification of the factors responsible for molecular trafficking.
Introduction.
The following problem arises in cell biophysics of neurons [1] , [4] , [5] , [3] . Large samples of pieces of trajectories of diffusing single particles on the surface of a neuron are now available due to recent advances in live cell imaging. Specifically, the projections onto the plane of a confocal microscope of many trajectories of receptors moving on the neuronal membrane can be acquired with the advent of superresolution microscopy. It is the aim of the present paper to show how these data can be used to reconstruct the shape of the membrane surface and the physical properties of the receptor motion. This should provide biophysical information relevant to the identification of the factors responsible for molecular trafficking.
We present a general method for the reconstruction of a two-dimensional surface from the statistics of planar projections of many independent trajectories of a diffusion process on the surface. The method can be generalized in a straightforward manner to any sufficiently smooth one-to-one transformation of the trajectories in any dimension. The first task in this process is to reconstruct the original stochastic dynamics from their projections. The driftless case can be formulated as follows. The planar projection Y of a diffusion process X, defined on a smooth manifold Σ by the Itô system
where W is Brownian motion on Σ and B(X) is the noise matrix, satisfies the Itô equations
where a(Y ) andB(Y ) are expressible in terms of the derivatives of Σ on the projection plane (e.g., a fixed tangent plane ). Because Σ is unknown, a(Y ) andB(Y ) are the effective drift field and diffusion matrix observed in the plane. Thus the first task is to obtain an analytic expression for these functions. We obtain explicit expressions for the effective drift field and diffusion tensor in terms of the local surface properties such as the mean curvature. The next task, the reconstruction of the surface, requires the solution of nonlinear partial differential equations that we derive here. The example (1), (2) shows that the projection generates a drift field in the projected dynamics. When the dynamics on the surface contains a drift field, we have to separate the drift field of the projected dynamics into a part that is due to the surface curvature and a part due to the original drift.
We provide several examples in one and two dimensions. The reconstruction of the geometrical properties and drift field, which represents physical interactions, falls into a class of inverse problems that have been investigated in the context of extraction of shape from shading [11] . However, due to the irregularity of stochastic trajectories, the reconstruction method requires in practice a large set of data points. The reconstruction scheme is illustrated in Figure 1 . 2. Projection of a diffusion process from a curve to a line. 2.1. Driftless diffusion on a curve. Given a sufficiently smooth curve C = {(x, f (x)) : a < x < b}, standard Brownian motion X(t) on C is defined by the following Euler scheme.
Assume that the Brownian motion X(t) = (x(t), y(t)) at time t is at the point X = (x, y) ∈ C (Figure 2 ). Define the tangent line at this point, = {(ξ, η) : η = y + tan α(ξ − x), −∞ < ξ < ∞} with y = f (x), tan α = f (x). Standard Brownian motion X(t + Δt) on C is defined as the orthogonal projection onto C in the direction of the normal n(X(t)) of the point X(t + Δt) = (x(t + Δt),ỹ(t + Δt)) on the tangent line , defined bỹ
where w(t) is standard Brownian motion in R. The projection of the standard Brownian motion X(t) onto the x-axis is the coordinate x(t) of X(t). Figure 2 . Projection x(t) onto the x-axis of a diffusion process on a curve C. Starting from a point X(t) on C, the pointX(t + Δt) on the tangent line is defined by the projection of Euler's scheme for the dynamics (1) on . ThenX(t + Δt) is projected to the point X(t + Δt) on C in the direction parallel to the normal n(X(t)). The projection x(t + Δt) of the diffusion process onto the x-axis is the x-component of X(t + Δt).
A slight generalization of standard Brownian motion on C is the driftless diffusion process defined by the one-dimensional Itô equation (1) with the diffusion coefficient D(X) = B 2 (X). Equation (3) is then replaced bỹ
The projection of X(t) onto the x-axis is found from the normal projection X(t + Δt) of X(t + Δt) onto C that is determined by the equation
Setting Δx = x(t + Δt) − x(t) and Δf = f (x(t + Δt)) − f (x(t)), we obtain the increment equation
Together the expansion (7) and (6) give
thus, neglecting powers of Δx higher than 2, solving the quadratic equation, and expanding in powers of Δw, we obtain
Replacing Δw 2 with Δt, we obtain for the projection x(t) of the Brownian motion on C onto the x-axis
where
and the effective diffusion coefficient, which depends on displacement, is given by
We call a geometric (x) the geometric drift. Note that (11) and (12) recover both the original curve C and the diffusion coefficient D(X) on C. Indeed, because a geometric (x) and D effective (x) are observed, we can recover f (x) from the equation
Note that (13) is a second order equation that defines f (x) up to two constants of integration, e.g., f (x 0 ) and f (x 0 ), where x 0 is a projected point. Because the projection line can be assumed to be a supporting line, x 0 can be chosen to be the point of contact and the line can be considered as the x-axis and x 0 = 0. Thus we can assume that the initial conditions for (13) are f (0) = f (0) = 0. Now D(X) is recovered from (11), (12), or (14) in the constant case. A statistical procedure for the calculation of the geometric drift a geometric (x) and the effective diffusion coefficient D effective (x) from projected trajectories is given in section A.2.1 of Appendix A. 
Now, using (7) and (8), we find that the effective diffusion coefficient is (12) and that the drift of the projected motion on the x-axis is given by
which is the sum of the geometric drift of (11) and the projection of the drift vector in (15).
Note that an additional equation is needed to recover the curve, drift, and effective diffusion coefficient from the projected data. The additional equation can be obtained by projecting trajectories of driftless diffusers from C to the x-axis, for example, by tracking inert particles on the curve. Indeed, inert particles do not interact with any force field on C, which makes them driftless, as in section 2.1. Although inert particles may have a different diffusion coefficient, the shape of the curve remains unchanged. Thus C can be found from data collected for driftless particles, and the drift b(X) and diffusion coefficient for particles with drift are then found from data collected from projections of their trajectories. Statistical estimates of the projected diffusion parameters are given in section A.1, and the reconstruction of the curve C is given in section A.2 of Appendix A.
2.3.
Reconstruction of a parabola from projected diffusion data.
2.3.1. Driftless Brownian motion on a parabola. Consider simulated diffusion with drift on a parabola f (x) = 1 2 Ax 2 . First, we reconstruct the curve from the projection onto the xaxis of simulated driftless Brownian trajectories on the parabola. We then apply the procedure of section 2.1 to compute the effective diffusion coefficient and the geometric drift, for which the analytical expressions are given by
(see (11) , (12), and (14)). The reconstruction is presented in Figure 3 with bin size Δx = 0.1, diffusion coefficient D = 1, and the parabola parameter A = 10. The analytical curve (red) overlaps with the sampled reconstructed points (black dots). A sample projected trajectory is shown in Figure 3 
Diffusion with drift on a parabola. We consider (15) with the following two drifts:
• Diffusion with constant drift along the parabola, that is,
Ax .
• An Ornstein-Uhlenbeck process centered at the point (x 0 , 5x 2 0 ), given by
where C is a positive constant. The projection x(t) onto the x-axis is the solution of the Itô equation
for diffusion with constant drift, and
for the Ornstein-Uhlenbeck process.
Figures 4 and 5 show the reconstruction of the diffusion and the drift for constant and linear drifts, respectively. Specifically, in both cases, we first estimate the diffusion coefficient and then evaluate the geometric drift by differentiating the coefficient of diffusion with respect to the spatial variable, as described in (17). The reconstruction of the diffusion coefficient in the former case is shown in Figure 4 (A) and that of the drift in Figure 4 (B). The derivative of the reconstructed diffusion coefficient with respect to the spatial variable is the estimated geometric drift, shown in Figure 4 (C). For constant drift B = 10 the estimate B = 9.7 is obtained by subtracting the geometric drift from the effective drift, as described in (62) (see Figure 4 (D)). For linear drift with C = 10 and x 0 = 0 the same method gives the values C = 9.7 and x 0 = −0.03 (see Figure 5 ).
3. Projection of a diffusion process from a surface onto a plane. Consider a diffusion process on a surface and its projection onto a plane. The surface, the diffusion tensor, and the drift field can be reconstructed from the projections. Indeed, first consider Brownian motion X(t) on a surface Σ and its planar projection. We assume that Σ has the explicit representation z = f (x, y), where f (x, y) is a sufficiently smooth function defined in a planar domain D in the (x, y) plane. We can assume that the (x, y) plane is tangent to Σ at the origin 0; that is, 0 ∈ Σ and the normal to Σ at 0 is the z-axis. We fix an orthonormal frame (i, j, k), where k is the unit vector in the direction of the z-axis. Thus
X(t) = x(t)i + y(t)j + z(t)k, z(t) = f (x(t), y(t)). (21)
3.1. Driftless diffusion on Σ. Driftless diffusion X(t) with a symmetric diffusion tensor σ i,j (X) on Σ is defined as follows. The tangent plane at X(t) ∈ Σ is defined by the orthonormal frame
The orthogonal projectionX(t + Δt) =x(t + Δt)i +ỹ(t + Δt)j +z(t + Δt)k onto of the Brownian motion X(t + Δt) ∈ Σ is given in terms of (22) bỹ where
Δs 2 , and
with w 1 (t), w 2 (t) independent standard Brownian motions in R. The diffusion tensor σ(X) is given in terms of the matrix B(X) as
To regain X(t + Δt), the pointX(t + Δt) is projected orthogonally back from to Σ to give
where the parameter θ(Δt) ∈ R is the solution of the equation
The value of θ(Δt) can be evaluated from the Itô formula by expanding the difference
To get the Itô correction we expand (29) powers of Δs 1 and Δs 2 up to second order, use (24), and replace Δw 2 1 and Δw 2 2 by Δt. We get the Itô term
In the isotropic case B(X) = I, we obtain
which is the mean curvature at point X. Setting
we defineB (X) = C(x)B(X),σ(X) = 1 2B (X)B T (x). (34)
Taking the limit Δt → 0 in (28), we obtain the system of stochastic equations in D that describes the driftless diffusion z(t) = f (x(t), y(t)) on Σ, where the projected process on the (x, y) plane, x(t), is
and w(t) = (w 1 (t), w 2 (t)) T . If B(X) = 2D(X)I, then
and (35) becomes
As in section 2.1, the planar projection of the Brownian motion (or driftless diffusion) has a geometric drift vector and an effective diffusion tensor that are observed. The surface Σ and the diffusion tensor can be recovered from the observed projections in a manner analogous to that of section A.1.
Planar projection of diffusion with drift. When the diffusion process X(t) on Σ has a drift vector β(X)
, the stochastic equations of the projected diffusion contain an additional drift vector. Indeed, when projecting the pointX(t + Δt) (see (23)) in the direction parallel to the normal vector n(X(t)) to X(t + Δt) = (x(t + Δt), y(t + Δt), z(t + Δt)) ∈ Σ, we get
X(t + Δt) =X(t + Δt) + θ(Δt)n(X(t)),
where the parameter θ(Δt) is determined, as above, by solving the equation
z(t + Δt) = f (x(t + Δt), y(t + Δt)). (40)
Setting b(x) = (β x (X), β y (X)) T and proceeding as above, we obtain, as in the case of (28), equations (32) and (35) with
(see (33)), where the analogue of (17) is a(x) = b(x) + a geometric (x) (42) (see (36)).
The observed diffusion tensor.
We consider for the sake of simplicity the isotropic constant diffusion case. First, we consider the projection of Brownian motion from Σ onto the (x, y) plane and recover the function z = f (x, y) and the diffusion coefficient D from the effective diffusion tensor
given in (34). The system (43) of three algebraic equations for the unknowns D, f x , and f y can be solved explicitly, and then Σ is recovered by integrating the gradient ∇f (x, y). Specifically, (43) can be reduced to the two equations
which reduce to the single equatioñ
3.4. The observed drift. First, we note that the geometric drift gives
Equation (46) implies that a geometric (x) ∇f (x), so the level curves of f (x, y) can be determined by integrating the geometric drift at any point in the planar projection of Σ.
To recover isotropic Brownian motion with constant diffusion coefficient on Σ from its planar projection, we determine the components b(x) = (b x (x), b y (x)) T of the drift by solving the system (42), which can be written as
where now the functions a 1 (x) and a 2 (x) are the observed drift components of the projected diffusion. Numerical reconstructions are presented in Appendix B.
3.5. Reconstructability. We consider the case of an isotropic constant diffusion tensor I on Σ. The observed diffusion tensor isσ 1,1 ,σ 1,2 , andσ 2,2 , and the observed geometric drift field is a geometric (x) = (a 1 (x), a 2 (x)) T . Equations (43) lead to the conditions
and to the equations
For the estimates D 1,1 and D 2,2 ofσ 1,1 andσ 2,2 , respectively, the conditions (48), (49) imply that
and because D 1,1 ≥ 0, D 2,2 ≥ 0, the following inequalities hold:
In practice, there is noise in the estimation of the diffusion tensor, and conditions (49) do not always hold true. Moreover, we cannot recover the value of the diffusion coefficient D from (43) 
Conclusion and discussion.
We presented a general method for recovering the stochastic dynamics and the surface using the projection of trajectories onto a plane. Because stochastic trajectories are not smooth, it is difficult to obtain an accurate reconstruction of the surface, and thus a large number of points are necessary to recover the surface. Although the reconstruction was possible in one dimension, it became much more computationally involved in two dimensions as the sampling number of points changed from N to N 2 . We could recover the surface as the reconstruction requires determining the diffusion tensor (in two dimensions), but determining the local drift was not possible numerically.
A possible application to cell biophysics of neurons is the reconstruction of the surface and physical properties from the acquisition of many projected receptor trajectories on the plane of the confocal microscope, now possible with the recent development of superresolution methods. Indeed, with the advent of superresolution microscopy, single particle tracking is becoming the gold standard of cellular imaging. Enormous collections of planar images of diffusive trajectories on cellular surfaces are now available. Yet, extracting biophysical information that is relevant to molecular trafficking remains a critical challenge. There are many examples of trajectory tracking in cellular biology, such as the dynamics of receptors on the membrane of neurons [1] , [4] , [5] , [3] , or viral trajectories inside the cytoplasm [6] , [10] . The motion of particles (molecules, receptors, viruses) is regulated by various mechanisms: random collisions, inert obstacles that are accounted for by Brownian motion, or physical interactions that lead to active transport. The extraction of some of these biophysical properties is now possible due to access to a large number of tracked trajectories [7] . The present method can be used to extract local physical forces generating the motion of Brownian receptors from planar projections of live imaging of single particle trajectories, as well as the shape of the dendritic spine which is explored by the particles.
Appendix A.
A.1. Estimates of the geometric drift and effective diffusion coefficient. To illustrate the theory developed above, we study the projection of a simulated diffusion process X(t) from a generic curve C into the x-axis, as described in section 2.1. First, we generate N t simulated Brownian trajectories X(t) on the curve at times t n = nΔt (n = 1, 2, . . . , N = t/Δt) and sample their projections (x 1 , . . . ,x N ) on a line (e.g., the x-axis) at these times, starting at the origin. The effective drift and diffusion coefficients of the projected trajectories are constructed from the approximations in the limit Δt → 0 [9] :
where the expectation is replaced with sample averaging in the bins.
A.2. Reconstruction of the curve C from the projected stochastic dynamics. Given the approximate a geometric (x) and D effective (x), the curve is reconstructed at bin points. At points (x 1 , . . . , x M ) the known values of the first and second derivatives of the function y = f (x) (from the numerical integration of (13) 
Thus, we invert the linear system Ay = b, where A.2.1. Approximation formulas for the drift and diffusion coefficients. Starting with a sample of N t projected trajectories {x i (t j ), i = 1, 2, . . . , N t , j = 1, 2, . . . , N s }, where t j are the sampling times, the dynamics (15) and the curve C are reconstructed by computing the effective drift and diffusion coefficients of the projected diffusion process. First, the range of the projected points on the line is partitioned into M bins of width Δx, centered at x k , such that
The geometric drift and effective diffusion coefficient of the projected diffusion process are evaluated in each bin from the empirical versions of the formulas [8, p. 159] , [9] a geometric (x) = lim
The empirical version of (57) at each bin point x k is
The points x i (t j ) and x i (t j+1 ) are sampled consecutively from the ith trajectory such that x i (t j ) ∈ B(x k , Δx/2) and the number of points in B(x k , Δx/2) is N k . Similarly, the empirical version of (58) at bin point x k is
Once the effective diffusion coefficient is estimated empirically, the curve C can be reconstructed by solving the differential equation (13) over the sampling interval. In the case of a constant diffusion coefficient D(X) = D, the value of D is recovered from (12), and the geometric drift is then given by (11) as the empirical value
When the curve, the geometric drift, and the diffusion coefficients are known, the drift b(X), described in (17), is found by combining (59), (60), and (61). The empirical projected drift b(x) is recovered from (17) as To illustrate the reconstruction method in two dimensions, we simulated 9,000 trajectories, each composed of 1,000 points. First, Brownian trajectories were simulated on a sphere [2] and projected onto the (x, y) plane and the effective diffusion tensor and geometric drift were evaluated by formulas (63), (64) (see Figures 7(A)-7(C) ). Due to numerical errors, it is possible that we obtain negative values for f 2 x or f 2 y , mostly at the boundary. We disregard those cases which lead to a less accurate reconstruction near the boundary. We additionally recover the empirical drift from the trajectories (Figure 7(C) ) and compare it to the theoretical drift (Figure 7(D) ). The surface is reconstructed by integrating the gradient, as described in section 3.3 (see Figure 7(F) ). Then the drift vector b(x) = (b x (x), b y (x)) T of the projected diffusion is found by subtracting the geometric drift from the measured drift a(x) = (a 1 (x), a 2 (x)) T (see (47)).
The drift can thus be recovered, in principle, from the values of the measured drift, diffusion, and first derivative and second derivatives at discrete steps. However, in practice, recovering the drift from trajectories is not computationally tractable. Compared to the onedimensional case, where 150,000 sampled points were necessary to reconstruct the drift on a parabola, an effective reconstruction of the two-dimensional drift would require the square of this number, that is, more than 2 × 10 10 sampled points. 
